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PRACTICAL INFORMATION

WELCOME (again) to all of you. ..

Registration for graduate students for VHM 881 (Directed
studies) is open at the Registrar’s Office,

e for credit (1 credit),

e as an audit (no credits, but still listed on your tran-
script).

Other participants are not required to register, but you will
not get any formal credit for participation.

Textbooks — added info (at webpage) for textbook sug-
gested by Siyuan.

Today’s lecture:

e gentle introduction to matrix notation and algebra (Manly:
Chapter 2; TF Appendix A),

e some graphical tools to display multivariate data (Manly:
Chapter 3, only 3rd edition),

e further introductions to datasets (Ibrahim, others?).
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MATRIX DEFINITIONS

An m x n matrix A is a collection of mn values organized in m rows
and n columns,

ailz a2 a3 ... Qip
A — ag1 a2 0423 . : . Aoy
Am1 Am2 Am3 ... AQmnp

e a square matrix has equally many rows and columns: m = n,

e a row vector, say r = (11 79 ... 7y), has only one row: m = 1,

e a column vector has only one column: n =1,

e the transpose matrix A’ or A results from interchanging the rows

and columns (i.e., af; = aj;),

* a symmetric matrix A satisfies: AP = A,

x the transpose of a row vector is a column vector, and vice
versa,

e a zero matrix 0 has all elements = 0,
e a one matrix 1 has all elements = 1,

e a square diagonal matrix D has only 0s outside the diagonal (i.e.,
d;; = 0 when 7 # j),

e the unity matrix I is a diagonal matrix with 1s in the diagonal

(i.e., 4;; = 1 when ¢ = j, and 4;; = 0 otherwise),
e the trace of a square matrix is the sum of the diagonal elements,

tI‘(A) =ai1 t+ a9+ ...+ Qup.
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MATRIX OPERATIONS

Let A and B be matrices, and let k be a (real-valued)
number, often termed a scalar, so as to distinguish from
vectors and matrices.

e addition (A + B) and subtraction (A — B) of matrices
occurs for each element (at its matrix position),

x A and B must have the same dimensions,
* €. (A -+ B)n = a1 + bn; (A — B>32 = a39 — bgg,
e scalar multiplication by k (kA) also occurs for each el-

ement,

e matrix multiplication (A - B or A.B or A x B, but
most commonly just AB) is not defined by multiplying
pairs of matrix elements,

x requires compatible matrix dimensions:
no. columns of A must equal no. of rows of B, say
A (mxn)and B (nxp),

x for A (mxn) and B (nxp), A.B has dimension

(mxp),
* the (i, k)th element of A.B is the sum

(AB)Zk = Z A bjk = a;1b1p+a;bor+. . .+ a;b
J
% 1t 18 not generally true that A.B = B.A;

note that A.B and B.A are not even of the same
dimensions, unless A, B are square matrices.
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MATRIX INVERSION AND QUADRATIC FORM

Matrix inversion = the matrix version of division but more
complicated than for numbers.

Definition: a square matrix A (nxn) has inverse A~ (nxn)
if the matrices satisfy: ALA™'=A"1A =1L

Fxample: the 2x 2 matrix inverse of A = f11 012
21 a22

e cxists exactly when the determinant A = aj1a9—as1a12
(usually termed |Al]) is nonzero,

e can be computed as A~ = 22 —an JA.
—dz1 a4

General definitions and results for A (nxn):

e A has an inverse A™! exactly when the determinant!
|A | is non-zero,

o if A~! does not exist, then A is called singular,

o if A !existsand A7! = A’ then A is called orthogonal.

A quadratic form @ for a symmetric matrix A (nxn) is a

linear function of a column vector x = (z1 2 ... x,)",
n n
Q = Q(X) = XtAX — E E Qi il .
i=1 j=1

! For square matrices larger than (2x2), the determinant |A| has an explicit but
complex form, and is best calculated using mathematical /statistical software.
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MEAN VECTORS AND COVARIANCE MATRICES

Multivariate normal (MVN) distribution for a p-dimensional
column vector X = (X7 X5 ... X,)" ~ MVN(p, 3), where

% = (g po ... pp)'is a p-dimensional column vector
of means (EX; = p;),

x* X = (ojx)jx 1s a (px p) positive definite’ matrix of the
pairwise covariances,’

has p-dimensional probability density function
_ 1 1 t—1
f(X> — (271_)]9/2‘2‘1/2 CeXp (—§(X—,LL> by (X-M))

Estimation of mean and covariance:
From i.i.d.* multivariate observations Xy, Xo, ..., X, we
can estimate the mean vector and covariance by

* 1=X=(X; Xy...X,)", the column vector of means
for each variable,

x 3 =S = (5j.),z, the empirical covariance matrix with
the s;. = rjis;5; defined in terms of the usual corre-
lation coefficient between X; and X}, and the standard
deviations for X; and X}, respectively.

2 A symmetric matrix A is positive definite if: Q(x) = x'Ax > 0 for any
non-zero x, or equivalently if |A| > 0.

3 Formally, 01, = E(X;X}) — (EX;)(EX}), and 0j; = Var(X}); also, the corre-
lation matrix R = (p;x);r gives the off-diagonal correlations pjr = oji/(0j;0kk).

4+ 1.1.d. stands for: independent and identically distribution observations.
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EIGENVALUES AND EIGENVECTORS

For a symmetric matrix A (nxn), a scalar A and a column
vector X (nx 1), we consider the equation

Ax=Xx or (A-A)x=0,
which can also represented as the set of equations,
1121 + a19xs + ... + a1, = AT,
9171 + A29To + . .. + Q9T = AT,

A1 X1+ Qo + ...+ appXn = AT,

The possible solutions® reflect fundamental properties of A:

e the eigenvalues (or characteristic roots) A of which there
can be at most n distinct values, all of which are > 0
for a positive definite matrix, and which satisty

tr(A) = A\ + ...+ Ay,

x the eigenvectors x corresponding to each A express spe-
cific “directions” in the matrix.

Consider now these are general matrix concepts applied to
a covariance matrix (33):

o t1(X)=0on+...+op=M+...+ A\,
— the eigenvalues decompose the total variance. . ..

e the eigenvectors correspond to specific directions of the
variation in the data.

5 Calculation of solutions A and x to the eigenvalue problem are not straightfor-
ward to establish; TF work through a (2x2) example.
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GRAPHING MULTIVARIATE DATA

Fundamental challenge: getting beyond 2-d (or perhaps 3-d) scatter-

plots to display relationships between variables.

Example data sets (Manly): sparrows, dogs.

Extension to 3-d plots:

e use 3rd axis (depths), and rotate points,
e or create (interpolated/smooth) surfaces for 3rd variable,

+ both ideas useful, but not a grand extension. . .

First idea: pairwise scatter plots = matrix or draftman’s plot,

+ can show relations between a limited no. of variables,

— difficult to see similarity between observations.

Next idea: represent variable’s values symbolically in displays involv-
ing multiple features, e.g. faces (Chernoff) or stars.

Another idea: position multiple measures per subject on z-axis at

suitable (arbitrary) points and join values for same subject by line
(profile plot), or position them as multiple bars beside each other
(bar graph),

+ can illustrate grouping and distance between subjects,
— requires measures on comparable scales, difficult to see relation

between variables.

Final comment: one key purpose of multivariate methods is to reduce

the dimension of information across many variables into a few (“in-
dex”; Manly) variables, e.g. for the purpose of facilitating graphical

exploration.

2L-7



SPARROWS: MATRIX PLOT

Matrix Plot of len_total, ext_alar, len_beakhead, len_hum, len_keelst
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all variables seem positively and approx. linearly asso-
ciated, to similar degree,

no obvious differences between survivors and morts,

no apparent strong outliers.
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DOGS: CHERNOFF PLOT

Idea®: use different facial features (up to 18) to represent variables,

e one selected feature per variable, scaled so that low /high values
correspond to extreme features,

e some arbitrariness/flexibility in allocation of features to variables,

e not clear that visual impression is not affected substantially by
allocation of features to variables (other symbols, e.g. stars, may
be more robust).

-

Gofden jackal

dian wolf

isize — brd_man bdens - len_moll fline — brd_moll
nose — hght_man msize — len_mol13 mcurv - len_mol14

e plot” shows closeness of prehistoric and modern dog, also their
distance to the Chinese wollf.

s Attributed to Chernoff H (1973), J. Amer. Statist. Assoc. 68, 361-368.
" Done with Stata chernoff add-on package, using the features: isize (eye

size), nose (nose line), bdens (brow density), msize (mouth size), mcurv (mouth
curvature) and fline (face line).
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DOGS: PROFILE PLOT AND BAR GRAPH

Scatterplot of value vs variable
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e both plots show closeness of prehistoric and modern
dog, and their differences from the Chinese wollf.
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