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INTRODUCTION TO MISSING DATA

First implications of missing values:

e many methods based on explicit formulae no longer ac-
cessible (e.g., multivariate analysis) = shift to methods
that are not based on explicit formulae,

e may lead to substantial loss of data if entire record with
one or several components missing is discarded (e.g.,
multiple regression, longitudinal data analysis with only
complete subjects) = try to work around this (e.g.,
drop predictors with many missing values),

e when data contains missing values, analysis of non-missing
values valid only under strict (and often unrealistic as-
sumptions), otherwise = bias!

— serious problem but usually ignored. ..

Today’s lecture — only an introduction to missing data:

e review of types of missingness and their implications,

e cxample of test for missingness of simplest type,

e handout: overview + pointers to references and software,

e first step towards development of a module for VHM
831 on missing data (Summer 2006).

Missing values may occur in either or both of:

e predictors (),

e outcomes (Y).
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CLASSIFICATION AND TERMINOLOGY

Notation:

e observations U; (outcome or predictor),

1 it U; observed

e missing value indicator R; = { 0 if U, missing
]

fore=1,...,n.

Three types of missing values (mv):

e missing completely at random (MCAR):
P(R|U) = P(R),
i.e., prob. of mv does not depend on the data U,

e missing at random (MAR):
P(R|U) = P(R|Usps),

i.e., prob. of mv only depends on observed values Uy,

e non-ignorable, informative (NINR):
P<R‘U> — P<R‘U0b57 Umis);
i.e., prob. of mv depends also on unobserved values U,
(the values we would have got if they were not missing).

Additional terminology for longitudinal data:

e drop-out: one obs. missing = all subsequent obs. miss-
ing as well,

e intermittent mv: otherwise,
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EXAMPLES OF TYPES OF MISSINGNESS

Missing completely at random (MCAR):
~ missingness occurs as if tossing a coin,

e external factors (e.g., weather, loss of samples),

e planned missingness in experimental design (e.g., some
subjects measured less frequently than others).

Missing at random (MAR):

e longitudinal data: mv depends on history but not on
actual value,

e Dbased on treatment protocol: treatment protocol may
specity conditions for withdrawal of a subject from the
trial,

e mv of outcome dependent on predictors: considered as
MAR by some researchers, but as MCAR by others if

analysis is conditional on covariates.

Non-ignorable non-response (NINR):

e censoring (e.g., by detection limit),

e prob. of mv depends on actual value (that would be
obtained).
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CLASSICAL “RULES” FOR MISSINGNESS

MCAR:

e analysis of non-missing data valid for all statistical pro-
cedures, but not necessarily most efficient,

e only situation where complete case analysis (including
only complete records) generally valid,

e assumption rarely realistic in practice.

MAR:

e analysis of non-missing data valid for all likelihood-
based procedures (includes ML estimation and Bayesian
approach, excludes GEE! and quasi-likelihood),

x approach may still be inefficient,
x inference about non-missing data may be undesired
focus of analysis (e.g., in survival studies),

e assumption more realistic than MCAR.

NINR:

e analysis requires model for missingness, but such mod-
els difficult /impossible to check from the data,

e difficult field: many different methods, no consensus.

Dropouts generally easier to deal with analytically than
intermittent mv (although latter may be more informative).
1 Modifications to GEE for non-MCAR exist but are difficult to use.
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MISSING VALUES FOR PREDICTOR (x)

Methods for analysis of Y given x:

e complete case analysis: (only complete records included),

x correct if: P(R|z,Y) = P(R|z), i.e. MCAR for Y
but possibly NINR for z,

* (very) inefficient for high-dimensional z,

e likelihood/Bayesian estimation:

x based on MAR and distribution for z, non-standard
software (often EM algorithm),

e imputation = methodology to insert of replacement val-
ues for missing x’s,
x based on MAR for z,

% many variants available (not equally good /easily avail-
able; see handout).

250 simulations of mv on x. complete case analysis;
medians and 95%-intervals among simulated data:

Missing values Odds-ratio
complete data *
mv MCAR (15%) ¢
mv dep. on z (total 15%) -

1.0 1.2 1.4 1.6 1.8
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“SIMPLE SOLUTIONS” FOR DROP-OUTS

Review of two simple solutions (recommendations from Dig-
gle et al., 2002):

e Jast observation carried forward: repeat last observed
value on subject at all instances where missing,

x apparently used routinely in clinical trials for com-
parison of groups,

x 1f part of study protocol: randomization should safe-
guard against biases,

% conservative if treatment effect is increasing over time,

x not recommended in general,

e complete case analysis:

x may be wasteful of data, may introduce bias if miss-
ingness not MCAR (selection bias of complete sample),

x not recommended in general.

Simple imputations: mean substitution (using mean of ex-
isting obs.) and hot deck imputation (using value from
most “similar” complete subject),

e based on MCAR (univariate; disregards predictors),
e mean substitution changes type/accuracy of obs.,
e hot deck dependent on good measure of similarity,

e not recommended for serious data analysis (my view).
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A TEST FOR MCAR DROP-OUTS

Logistic regression version of non-parametric approach by

Diggle (1989):

e idea: model p;;, the probability of a drop-out for subject
¢ at time point k, as

loglt(pzk) = Ok -+ Bk hk<Yv1M I 7Yk—1,i)7

where Ay is a suitably chosen function of the past ob-
servations,

e h; should be tailored to biologically interesting hypoth-
esls, e.g.

* hr(Y) = Y1 — dependence on last observed value,
x he(Y)= (Y1 4+ ...+ Y, 1))/(k—1) — dependence

ON previous average,

e significance for (’s gives evidence of dependence on past
observations ~ MAR assumption,

e model should be applied separately to homogeneous
groups of subjects (typically defined by values of pre-
dictors), or o and [ should be allowed to depend on
predictors,

e data should be pooled across multiple times points;
MCAR assumption = within-subject independence.
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EXAMPLE: PROTEIN IN MILK SAMPLES

Cohort study involving 79 cows:

e cxamined weekly through 19 weeks after calving,

e outcome: protein percent in milk sample,

e 3 diets: barley (25), barley+lupins (27), lupins (27),

e drop-outs from week 15: 38/79 incomplete series, due
to study termination (time censoring),

x may be informative because of influence of calving
date on protein content.

Logistic regression models for drop-out prob. from week 15,
using previous value (Y;_1) as predictor:

Residual B (SE)

Model for logit(p,x) | deviance DF | (barley, week 15)
g + Borhi 111.97 210| -13.3 (7.0)
gl + Byl + Bihi, 11544 216 -12.4 (4.2)
agr + Bl 118.63 218, -89 (2.3)
g + Byhi 116.33  219|  -11.4 (3.6)
g + Bhy 119.32 221|  -8.2 (1.4)
o 197.66 222 —

a, + oy + Bhy 12416 224|  -7.6 (1.3)
a + Bhy 132,61 229|  -6.4 (1.1)
o, + Bhy 131.28 230|  -7.1 (L.1)
a + Bhy 139.04 232 -6.2 (1.0)

conclusion: strong effect of hx, some treatment effect.
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MODELLING NON-IGNORABLE DROP-OUT

Distinction between 3 approaches:

e selection models: focus on (modelling) the probability
of dropping out,

P(Y,R) = P(Y) P(R|Y),
and may postulate a specific model (e.g., logistic) for
P(R|Y) to obtain a full likelihood,

e pattern mixture models: focus on modelling the out-
come on separate dropout patterns,

P(Y,R) = P(R) P(Y|R),

and suggest to analyse different patterns separately and
compare their inference, before trying to build a com-
bined model,

e random effects models: model dropout probabilities by
random effects and assume (conditional) independence
given those random effects,

P(Y, R|(Uy,Us)) = P(U1,Us) P(R|Uy) P(Y|Us),

Comment in Diggle et al. (2002):

In our opinion, debates about the relative merits of
selection and pattern mixture models per se are un-
helpful: models for dropout in longitudinal studies
should be considered on their merits in the context
of particular applications.
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